Abstract-In this paper, winding function method (WFM), applied to a faulted synchronous generator, is modified and is used for online diagnosis of mixed eccentricity fault. For the first time, the static and mixed eccentricities are modeled in synchronous generators. A modified winding function (MWF) method introduced here is more precise compared with previous methods. This MWF enables to compute the air gap magnetic permeance accurately. Here, two or three terms of the infinity permeance series have not been used, but a closed form equation is employed for permeance evaluation. This leads to a very precise computation of the inductances of the faulted machine. Self inductances of the stator and rotor, mutual inductance of two stator phases and the mutual inductance of rotor and stator are obtained. Meanwhile, it is shown that static, dynamic and mixed eccentricities lead to the increase of the amplitude and occurrence of the distortion in the aforementioned inductances. Since calculation of inductances is the most important step for fault diagnosis of the machine, the proposed method improves the on-line diagnosis of the fault. Meanwhile, the spectrum analysis of stator current, obtained from experimental results, is illustrated. 
INTRODUCTION
Consequence of many electrical and mechanical faults occurring during the operation of electrical machines is the eccentricity between the rotor and stator. They are categorized into three general groups: static eccentricity (SE), dynamic eccentricity (DE) and mixed eccentricity (ME). In static eccentricity ( Fig. 1(a) ) the symmetrical axis of rotor coincides with rotor rotating axis, while stator symmetrical axis is displaced with respect to aforementioned axis. In this case, air gap distribution is non-uniform but the minimum air gap angular position is fixed. In dynamic eccentricity ( Fig. 1(b) ), only the rotor symmetrical axis is displaced with respect to rotor rotation axis, which coincides with stator symmetrical axis. Fig. 1 shows the cross section of the healthy and faulty salient pole synchronous generator under static eccentricity. In mixed eccentricity condition, both symmetrical and rotor rotation axes are displaced with respect to the stator rotation axis. Indeed, in the mixed eccentricity each of three stator, rotor and rotational symmetrical axes is displaced with respect to the others. Fault diagnosis systems are employed as a tool to maintain and protect the costly systems against fault. These systems receive the necessary information from the system or process and determine its performance. If this agrees with the predefined faults conditions, the relevant fault is announced. The most important profit of the fault diagnosis system is that the probable fault of the system can be predicted by on-line analysis of the system parameters and be prevented from extension [1] [2] [3] [4] . Inductances of the salient pole synchronous generator are calculated under dynamic eccentricity, using FEM and considering both magnetic saturation and geometrical specifications of the machine in [6] . Then, by means of Discrete Fourier Transform (DFT), the distribution of magnetic fields and the inductances of machine are gone under harmonic analysis. In [7] , the static and dynamic eccentricities are diagnosed using inductive sensors mounted on the stator chamber and the processing is done on the modulation functions obtained from induced voltage in sensor loops. The mentioned processing is applied on envelop of the harmonic variations curve. The generator under fault is modeled using FEM in [8] ; turning current in the parallel windings of the stator is studied for abnormal functioning like internal short circuit and eccentricity and the harmonics of these turning currents are investigated. In [9] , using the theory of modified winding function method (MWFM), the modeling and simulation of salient pole synchronous generator is done under dynamic eccentricity. Then the inductances of machine are calculated and the stator current is obtained using electromagnetic coupling equations. Also, by means of fast Fourier transform (FFT), the spectrum of this signal is used to diagnose the dynamic eccentricity and the index of fault diagnosis is introduced to be the amplitude of harmonics of stator current, especially for harmonics 17 and 19. In [10] , a synchronous machine under internal faults has been modeled based on the actual winding arrangement. Then, using winding function approach, the machine inductances have been calculated directly from the machine winding distribution, thereby the space harmonics produced by the machine windings have been readily taken into account. In [11] , a new linear model of a salient pole three phase synchronous machine under eccentricity faults condition is presented based on WFM considering the geometry and the physical layout of all windings. In [12] , the FEM is implemented on a salient pole synchronous machine with help of the Maxwell 2D Field Simulator package. Flux distribution, self and mutual inductance of machine in case of healthy and dynamic eccentric rotor are calculated from FEM. It is shown that ignoring the nonlinearity in magnetic material in FE analysis causes the results of FEA and WFM to be in close agreement. In [13] , two air gap search coil method applied to detect static and dynamic eccentricity fault in synchronous machine. It is shown that the odd multiples harmonic of fundamental frequency present at EMF of search coils in the presence of static eccentricity fault. Also, the sum of each pair of harmonics amplitude produced by dynamic eccentricity is approximately equal to the corresponding intermediate static eccentricity. The stator current and shaft signal of synchronous machine are essential two parameters which have been studied for analysis of this machine under eccentricity faults. In [14, 15] , effects of eccentricity fault have been studied on shaft signals of synchronous machine. These studies show that the shaft signals reduce in tilted rotor condition due to opposite shaft flux linkage at both ends. Also, the amplitude of shaft signal is in proportion with the eccentricities. In [16] , using analytical method and FEM saturation effects on unbalanced magnetic pull (UMP) in no-load and full-load synchronous machine under 20% eccentricity have been investigated. It is shown that considering of saturation is necessary to compute UMP in faulty synchronous machine precisely. Although the WFM has been widely utilized for faulty synchronous generators analysis, in [9, 11] , symmetrical air gap is considered. Revising the assumptions and fundamental equations of this theory showed that the winding function for non-uniform air gap differs from that of the uniform air gap and this modified winding function method (MWFM) has been recently used for the analysis and fault diagnosis of a synchronous generator [17] . In this paper, the MWFM is modified to evaluate inductances of the faulty synchronous generator precisely which can be used for online diagnosis of mixed eccentricity fault. A MWFM introduced here enables to compute the air gap magnetic permeance more accurately. Here, two or three terms of the infinity permeance series has not been used, but a closed form equation is employed for a very precise evaluation of the inductances of the faulted machine. Then, for the first time, the static and mixed eccentricities are modeled in synchronous generators to investigate the faulty synchronous generator performance comprehensively.
In this paper, in Section 2 the synchronous generator under static, dynamic and mixed fault is modeled and analyzed using MWFM. In Section 3, the self inductance of stator and mutual inductance of the two phases of the stator are calculated for generator under static and dynamic eccentricities. In Section 4, the self inductance of rotor and mutual inductance of rotor and stator is calculated for generator under static and dynamic eccentricities. In Section 5, the self inductance of stator and mutual inductance of the two phases of the stator are calculated for generator under mixed eccentricities. In Section 6, the experimental results for the frequency spectrum stator current of the generator under dynamic eccentricity is calculated. Table 1 summarizes the specifications of the proposed generator.
A MODIFIED WINDING FUNCTION THEORY
Considering field components is necessary in precise modeling of any electrical system [18] [19] [20] [21] [22] . Albeit, modeling attitudes such as finite element methods compute variations punctually, requiring a lot of input information. Analytical methods which are utilized in simulating electrical systems, could satisfactorily evaluate variations [23, 24] .
The principal equation of the theory which presents the mutual 0.3632 Ω inductance of two arbitrary windings x and y in respect to the winding distribution is as follows [7] :
where operator is defined as the mean of function f over [0, 2π] and P is the permeance distribution of the air-gap. If it is an arbitrary angle in the stator reference frame, it follows that:
The derivation of the equations (1) and (2) is discussed in [17] . These equations have been developed by taking into account a more precise distribution of stator phases and rotor excitation windings and also a more precise computation of the air-gap permeance. Its application results are compared with those obtained by the winding function and FE method [9] . This comparison shows that the obtained result is closer to that of the FE computation than that of the normal winding function. Precise fault diagnosis in the salient-pole synchronous generators considering the non-uniform air-gap of the machine is necessary. The distribution of the air-gap of the machine Figure 2 . The distribution of the air-gap of the proposed synchronous generator machine.
has been depicted in Fig. 2 . Air-gap permeance is proportional to the inverse of the air-gap length. Considering Figs. 1 and 2, this quantity can be neglected for the points far from the poles shoes air-gap, and are taken into account only for the air-gap between the salient-poles and the stator. Therefore, the air-gap permeance distribution, between the salient pole of the rotor and stator, is as follows:
where r av (α) and g(α) are the mean radius of air-gap and air-gap distribution, respectively. These two quantities are constant for all the points between the salient-pole and stator, in the symmetrical case. These two geometrical quantities of the machine are calculated in the static and dynamic air-gap eccentricity presented in Fig. 1 . It is noted that O s and O r are the centerline of rotor and stator respectively. Vector O s O r is called the dynamic eccentricity vector and its absolute value is shown by δ. The eccentricity factor is the ratio of the length of this vector, to the symmetrical air-gap length over the pole shoes (g 0 ). This vector rotates around stator symmetrical axes with angular speed equal to the mechanical speed of the rotor. Therefore, once the motor starts up, it is assumed that this vector coincides with the reference axes of the mechanical angle, and moreover, is always equal to the mechanical angle of the rotor. Fig. 2 shows the position of an arbitrary point M on the rotor pole shoes in the mixed eccentricity condition. The distance of this point from the rotor center is equal to (rotor radius), then:
For the inner radius of stator, the mean length and radius of the air-gap above the poles shoes are as follows:
Since the air-gap length above the poles shoes is much smaller than the rotor radius, the second term in (4) may be approximated with R r .
Equations (5) and (6) can therefore be rewritten as
where the term 0.5 × δg cos(α − θ) has been ignored due to the small air-gap length compared to the rotor radius. The mean radius of the air-gap poles is therefore almost equal to this radius in the healthy machine. Moreover, the magnetic permeance distribution of the airgap above the pole shoes is obtained by substituting (7), (8) into (3) as follows: Figure 3 presents the polar distribution of air-gap magnetic permeance of a synchronous machine in the healthy condition 25% SE and 25% DE. In such eccentricity, these distributions rotate with mechanical speed of the rotor. In [6] , this distribution has been approximated by the first ten terms of its Fourier series, leading to a reduction in the accuracy of the computations. 
COMPUTATION OF STATOR INDUCTANCE FOR SYNCHRONOUS GENERATOR UNDER SE AND DE

Self-Inductances
Fig . 5 shows the per phase self-inductance of the stator winding of a synchronous generator in healthy, 10%, 20%, 30%, 40% and 50% static and dynamic eccentricities. Comparison of the inductances in Fig. 5 indicates that the static eccentricity increases the above-mentioned inductances as such that the self-inductance of the healthy, 0.173 H increases to 0.198 H in the 50% static eccentricity. Comparison of Fig. 5 and Fig. 6 indicates that the rate of increase of the mutual inductance in static eccentricity is higher than that of the selfinductance. Referring to Fig. 6 it is seen that in addition to the increase of the inductance due to the dynamic eccentricity, there is asymmetrical distribution of the inductance. Comparison of Figs. 5 and 6 shows that the asymmetry occurred in the mutual inductance is higher than that of the self-inductance.
Mutual Inductances
Fig . 6 shows the mutual-inductance of the first and second phase of the stator winding of a synchronous generator in healthy, 10%, 20%, 30%, 40% and 50% static and dynamic eccentricities. Comparison of the inductances in Fig. 6 indicates that the static eccentricity increases the above-mentioned inductances as such that the self-inductance of the healthy, 0.173 H increases to 0.198 H in the 50% static eccentricity. There is no asymmetry in the inductance distribution. Comparison of these two cases with the case of 50% dynamic eccentricity indicates that the dynamic eccentricity also increases the inductance and creates asymmetrical inductance distribution. The reason is that in the dynamic eccentricity case, the air gap permeance depends on the rotor angular position. Since this angle varies continuously the distribution of the inductance is asymmetrical. Fig. 7 shows the per phase mutual-inductance of the stator and rotor windings of a synchronous generator in healthy, 10%, 20%, 30%, 40% and 50% static and dynamic eccentricities. Fig. 7 indicates that the static eccentricity increases the mutual inductance of the healthy machine, 1.45 H to 1.68 H in the faulty case. Comparison of Figs. 7(a) and 7(b) indicates that the rate of increase in the rotor mutual inductance in dynamic eccentricity case is larger than the static eccentricity case. Also dynamic eccentricity increases the inductance and asymmetrical degree in the mutual-inductance distribution (Fig. 7b) . Comparison of Figs. 4(b) and 5(b) indicates that the rate of the rotor mutual-inductance increase is higher than the stator inductance in the dynamic eccentricity case.
COMPUTATION OF ROTOR INDUCTANCE FOR SYNCHRONOUS GENERATOR UNDER SE AND DE
(a) (b) Figure 7 . Mutual-inductance of the stator and rotor windings in healthy, 20%, 30%, 40% and 50%, (a) static eccentricity and (b) dynamic eccentricity. Fig. 8(a) shows the self-inductance of the first phase of the stator winding of a synchronous generator in healthy and mixed eccentricity (20% SE and 30% DE) cases. Comparison of the inductances indicates that the mixed eccentricity increases the above-mentioned inductances and also leads to asymmetrical distribution of the stator windings inductances. The reason is that in the mixed eccentricity, the air gap permeance depends on the angular position of the rotor; since this angle continuously varies, the inductance distribution of a mixed eccentricity machine is asymmetrical. Fig. 8(b) shows the mutual-inductance of the first and second phase of the stator winding of a synchronous generator in healthy and mixed eccentricity (20% SE and 30% DE) cases. Comparison of the inductances indicates that the mixed eccentricity increases the abovementioned inductances and also leads to asymmetrical distribution of the stator windings inductances. Comparison of Figs. 8(a) and Fig. 8(b) indicate that the rate of increase of the self-inductance is lower than that of the mutual inductance of the stator winding. Referring to Fig. 8 demonstrates that rise of eccentricity degrees increases the amplitude and variation rates of machine inductances. Meanwhile, their variation rate has been extended by increase of eccentricity degree. Increases of amplitude and distortion of machine inductances distorts stator current and rises the amplitude of side-band components in spectral of stator current which can be utilized as an appropriate index for non-invasive eccentricity fault diagnosis.
COMPUTATION OF STATOR INDUCTANCE FOR SYNCHRONOUS GENERATOR UNDER ME
Self-Inductances
Mutual Inductances
EXPERIMENTAL RESULTS
To study the effect of dynamic eccentricity on synchronous machines, an experiment has been performed on a round-rotor synchronous motor. The motor is a three-phase type, 1 KW, 208 V, 1.7 A, and 1800 r/min. To conduct the experiment, the motor has been loaded separately with two discs of the same size. The first disc has a smooth solid surface to emulate the case of the non-eccentric rotor and the other disc has been drilled with four small holes on one side of it to emulate the case of rotor dynamic eccentricity. To study the effect of dynamic eccentricity on the stator and rotor current signatures, the motor is first loaded with the smooth surface disc, and then the stator current and their frequency harmonics have been captured. Fig. 7 reveals the stator current waveform for the case of the symmetric rotor. Fig. 8 shows the upper harmonics, including the 19th frequency component of the stator current. To impose dynamic eccentricity on the rotor, the first disc coupled to the rotor shaft has been replaced by the second disc that has the drilled holes. Fig. 9 illustrates the stator current waveforms in the case of the eccentric rotor. It is clear that the 17th and 19th harmonics of Fig. 10 have increased more rapidly due to the dynamic air-gap eccentricity. Table 2 summarizes relative percentage increase of stator current harmonics due to dynamic eccentricity. 
CONCLUSION
In this paper static, dynamic and mixed eccentricities were modeled and analyzed using MWFEM. This modeling method provided us with exact calculation and analysis of air gap permeance and so the machine inductances were calculated precisely. It was shown that, static, dynamic and mixed eccentricities increase the magnitude, distort the distribution and these both affect machine inductances. The stator current spectrum in healthy and under fault generator was
